We propose a quasi-particle description for the hierarchical equations of motion formalism for quantum dissipative dynamics systems. Not only it provides an alternative mathematical means to the existing formalism, the new protocol clarifies also explicitly the physical meanings of the auxiliary density operators and their relations to full statistics on solvation bath variables. Combining with the standard linear response theory, we construct further the hierarchical dynamics formalism for correlated spectrum of system-bath coherence. We evaluate the spectrum matrix for a demonstrative spin-boson system-bath model. While the individual diagonal element of the spectrum matrix describes the system or the solvation bath correlation, the off-diagonal elements characterize the correlation between system and bath solvation dynamics.
The hierarchical equations of motion (HEOM) formalism has been established via the Feynman-Vernon path integral approach [1] [2] [3] [4] [5] and also the stochastic Liouvilleequation approach. 6 The numerical tractability of this exact quantum dissipation theory has been extensively demonstrated. [7] [8] [9] It is recognized that the auxiliary density operators (ADOs) in HEOM contain rich information on correlated system-bath coherence. 10, 11 Recently, Shi and coworkers 12 established an explicit relation between ADOs and moments of solvation coordinate. It is also noticed that ADOs in the conventional HEOM formalism are bosonic in nature, while those in the secondquantization (electronic) HEOM are fermionic. 13, 14 This observation implies the possibility of a quasi-particle picture that could offer further physical insights on ADOs.
In this work, we propose the dissipaton dynamics as a quasi-particle approach to the existing HEOM formalism for bosonic dissipative systems. Not only it clarifies the physical meanings of ADOs, the new approach leads also to an explicit HEOM evaluation for correlated systembath coherence, including correlation functions for solvation bath variables. Throughout the paper we set = 1 and β = 1/(k B T ). Denote also L(·) ≡ [H S , (·)], for the reduced system Liouvillian.
Let us start with the total composite Hamiltonian, H T = H S + h B + H SB , with the system-bath coupling the form of H SB = a Q a F a . The system operator Q a here is called a dissipative mode and can be arbitrary, while the bath operator F a is called a solvation coordinate, for its being often modeled as a collection of harmonic bath coordinates. In the bare bath (h B ) interaction picture, F B a (t) ≡ e ihBt F a e −ihBt . It is a stochastic variable, characterized by F B a B = 0 and
The second identity is the bosonic fluctuation-dissipation theorem, with J aa ′ (ω) being the interacting bath spectral density. 15, 16 The script "B" in Eq. (1) 
It would be exact if K → ∞. For clarity we limit our discussion to the real-exponents (γ Introduce the so-called dissipaton operator,f ab k (t), having the color-γ ab k and the statistical independence relation defined for t > 0 as
, the discontinuity at t = 0 is specified further with f ab
It is easy to show that individual solvation coordinates, preserving Eq. (2), can now be decomposed as
As dissipatons are statistically independent, we can consider them individually, so that the indices are omitted, i.e.,f ab k =f and also for η and γ, in the following dissipaton approach to HEOM. We will also exploit the property of a real-γ-colored dissipaton, as defined in Eq. (3). It is diffusive in the pure bath environment, satisfying
Here,
and ρ T (t) is the total system and bath composite density operator. Its bath trace, ρ(t) ≡ tr B ρ T (t) ≡ ρ 0 (t), is the reduced system density operator and assigned to be the zeroth-tier ADO.
We will show below that ρ n (t), the n th -tier ADO in HEOM, is related to the n-number of irreducible dissipatons, denoted as f n • , via
Introduce also
with the underlined m specifying the m dissipatons,f m , remained reducible. The Wick's contraction theorem for Gaussian bath leads Eq. (7) to
For the system-bath coupling in the form of H SB = Qf , Eqs. (5)- (8), with m = 1 and the Liouville-von Neumann
This is just the well-established HEOM, constructed previously via the Feynman-Vernon path integral formulations. [1] [2] [3] The physical meaning of ADOs are also self-evident via the remarkable relation, Eq. (6), to irreducible dissipatons. (B) White Noise Residue Ansatz -It is well known that a modified HEOM formalism exploits a white noise residue (WNR) ansatz. [3] [4] [5] To obtain the dissipaton prescription of this ansatz and other related issues hereafter, it would be sufficient to consider only the case of C B aa ′ (t) = 0 when a = a ′ . The WNR ansatz starts with the interacting bath correlation function residue,
Note that ∆ a is real. The associated solvation coordinate in dissipatons decomposition reads now
with the WNR dissipaton δF a being of
An important implication here is the Lemma that there is at most one irreducible white-noise-dissipaton that can physically participate in. This Lemma will be verified via self-consistency with its consequences, as seen below.
Let us introduce the WNR to the case studied in Eq. (9), via setting now H SB = Q(f + δF ). It leads to Eq. (9) an additional term,
with
the one white-noise dissipaton counterpart of Eq. (6), satisfying̺ n = Eq. (9) with ̺'s − Γ̺ n − iΓ∆[Q, ρ n ]. The last two terms arise from ∂ ∂t (δF ) B and the contraction of two reducible white-noise dissipatons, respectively. The contribution from two irreducible white-noise dissipatons is zero, as inferred from the Lemma above. The convergence of̺ n in the limit of Γ → ∞ leads therefore to the relation,
This is an important result for a white-noise dissipaton. Substituting Eq. (15) into Eq. (13), we obtaiṅ
where
We have therefore recovered the modified HEOM formalism, constructed previously via the Feynman-Vernon path integral formulations.
3-5 The proposed Lemma for white noise dissipaton is thus also verified.
The ADOs in the HEOM formalism are now completely identified as Eq. (6), or
For the multiple-dissipative modes case, eachf n k k above is understood further as a collection of (f ab k ) n ab k . The inclusion of white noise dissipatons does not add to the ADO indices, but via the relation of Eq. (15) . Moreover, the multiple reducible white noise dissipatons counterparts of Eqs. (6) and (8) read
Here, δη ≡ δC B aa ′ (t = 0), via the first identity of Eq. (10). Apparently, ̺ n;1 (t) ≡ ̺ n (t) of Eq. (14) . (C) Statistical Dynamics of Solvation Coordinates -Apparently, the zeroth-tier ADO amounts to the reduced system density operator, ρ n=0 (t) ≡ ρ(t) = tr B ρ T (t). The present identification of ADOs as Eq. (17) leads to HEOM further for the real-time dynamics of statistical solvation bath variables. For example, the moments of solvation coordinates, in relation to ADOs, can be readily identified, via Eqs. (11) and (17), together with the Wick's contraction theorem of Eq. (8) and its white-noise limit of Eq. (18) . (D) Correlation Function for Solvation CoordinatesAnother key result of this work is the establishment of the HEOM approach to correlation functions for solvation bath variables. Consider for illustration a two-mode case of
The corresponding ADOs are therefore
Turn now to the cross-correlation function for solvation coordinates,
with G T (t) = e −iLTt and ρ eq T = e −βHT /Tre −βHT , specified in the total system-and-bath composite space. Let
and ρ T (t;
Together with Eq. (19) for a ′ = a, we can recast Eq. (21) in terms of ADOs as
The initial ADOs for the HEOM evaluation are determined with Eq. (22) for Eq. (20). After some simple algebra as described earlier, we obtain
The involving thermal equilibrium ADOs are obtained via the steady-state solutions. We have thus established the HEOM approach to correlation functions for solvation coordinates. As the HEOM evaluation on the system correlation functions has been well-established, 11 the present development extends its evaluation for both system and solvation bath dynamical variables. (E) Numerical demonstrations -For demonstration, we consider a spin-boson system, H S = We evaluate F (t)F (0) for the solvation coordinate, σ x (t)σ x (0) for the spin-system operator, and the crosscorrelations between them, σ x (t)F (0) and F (t)σ x (0) . Performing the half-Fourier transform on each of them, the spectrum via full-Fourier transform is then
The detailed-balance relation, S BA (−ω) = e −βω S AB (ω), or its equivalent fluctuation-dissipation theorem, 15, 16 
is numerically verified in the following converged calculations. Apparently, χ AB (ω) = χ * BA (ω) = −χ BA (−ω). While χ AA (ω) must be real, the off-diagonal {χ AB (ω)} of interest here are found to be also real, at least numerically. Consequently, χ AB (ω) = χ BA (ω) = −χ AB (−ω), for not just the diagonal but also the off-diagonal elements in study. The converged HEOM evaluation on the aforementioned correlation functions can therefore be conveniently reported in terms of the even function χ AB (ω)/ω, with χ AB (ω)/ω ω=0 = βS AB (0) [cf. Eq. (27)]. Figure 1 reports the evaluated χ F F (ω)/ω as function of ω/γ, at 77 K. The bare-bath counterpart of this quantity is J(ω)/ω = [1 + (ω/γ) 2 ] −1 (2λ/γ). The observed χ F F (ω)/ω ω→0 > 2λ/γ and the dips in Fig. 1 indicate the dominant energy flow from the system to bath in the low frequency regime, but vice verse in the effective system resonance regime, see also the inset of Fig. 1 . These features are clearly enhanced as either γ or β increases, along which the system-bath coherence would increase. Figure 2 (a) and (b) depict the evaluated χ xx (ω)/ω and χ xF (ω)/ω, at 77 K (top) and 298 K (bottom), respectively, where χ xx ≡ χ σxσx and χ xF ≡ χ σxF = χ F σx . The observed dependence of χ AB (ω) on the γ and T parameters shows a complex interplay between system-bath coherence and effective coupling strength in the spectral region of study. To that end, we present in Fig. 2(c) the evaluated system-bath coherence spectrum, in terms of Note that |ϕ xF (ω)| ≤ 1, for the spectrum positivity.
In the system Rabi frequency region, χ xx (ω) would be mainly controlled by the effective system-bath coupling strength. A larger γ or T would imply a larger effective system-bath coupling induced dissipation, leading to a smaller system resonance amplitude, as seen from Fig. 2(a) . On the other hand, |χ xF (ω)| and |ϕ xF (ω)|, especially in the Rabi frequency region, characterize mainly the system-bath coherence, which increases as γ or β increases, as inferred from Fig. 2(b) and (c), and also the inset of Fig. 1 . The complexity in the vicinity of ω = 0 may be understood with the additional complication arising from the co-occurrence of peak in the bare-bath J(ω)/ω and that in the bare-system χ 0 xx (ω). Consequently, the correlated system-bath coherence spectroscopy shows in general a complex interplay between the involving system and bath parameters, the temperature, and the frequency region in consideration.
In conclusion, the dissipaton picture for ADOs, proposed comprehensively in this work, clarified the nature of HEOM for the dynamics in the combined systemsolvation bath space. We identified ADOs be irreducible means on full statistics on solvation coordinates dynamics. We further addressed issues on the HEOM approach to evaluate such as the correlation functions for any operators in the system-solvation bath space. Thus, the HEOM formalism can be used directly to extract information on system-bath entanglement dynamics. We have also just completed the dissipaton picture for fermionic ADOs, together with the HEOM evaluation on full counting statistics and shot noise spectrum for transport current, which are experimentally measurable. 
